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@ What are Radial Basis Functions (RBFs)?
® Discretization of the Collision operator

©® Non-linear relaxation problem

O What about the Vlasov-Maxwell part?

©® Summary and where to proceed
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RBFs common in interpolation of scattered data
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Recipe

@ Collect some scattered data {xy, f;} for k =1,2,...,N.
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Recipe

@ Collect some scattered data {xy, f;} for k =1,2,...,N.
® Pick a radial basis function ¢(|x|;~)
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RBF intro
[e] le]e]

Recipe

@ Collect some scattered data {xy, f;} for k =1,2,...,N.
® Pick a radial basis function ¢(|x|;~)
© Define an RBF interpolant f(z) ~ s(x;7)

N

s(x;y) = Zwk (e — ;)

k=1
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RBF intro i i o on-li elaxation o ax Summary
[e] le]e]

Recipe

@ Collect some scattered data {xy, f;} for k =1,2,...,N.
® Pick a radial basis function ¢(|x|;~)
© Define an RBF interpolant f(z) ~ s(x;7)

N

s(x;y) = Zwk (e — ;)

k=1

© Compute the coefficients w;, as the solution of the linear
system

CHALMERS

UNIVERSITY OF TECHNOLOGY

5/30



RBF intro i i o on-li elaxation o ax Summary
[e] le]e]

Recipe

@ Collect some scattered data {xy, f;} for k =1,2,...,N.
® Pick a radial basis function ¢(|x|;~)
© Define an RBF interpolant f(z) ~ s(x;7)

N

s(x;y) = Zwk (e — ;)

k=1

© Compute the coefficients w;, as the solution of the linear
system

O Evaluate the interpolant s(xz;~) where you wish
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RBF intro
[e]e] o]

Many different choices for basis functions

Gaussian: ¢(|z|;7) = e~ (Ol=D’

Polyharmonic Spline: ¢(|z|;7) = v|z|, (v|z])3, ...

Multiquadric: ¢(|z|;v) = /1 + (v]x|)?

1

Inverse Multiquadric: ¢(|x|;v) = Wi
Y|z

Inverse Quadratic: ¢(|z|;7) = W

Thin-Plate Spline: ¢(|z|;7) = (v|z|)? In(v|z|)
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RBF intro Discretizatior on-linear relaxatio
[e]e]e] ]

How good can the interpolant be?

n

f(z) =~ Z wy, exp[—y(z — zx)?]

k=1

Yo Zi5 <0 —05 00 05 10 5
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How good can the interpolant be?

n

f(z) =~ Z wy, exp[—y(z — zx)?]

k=1
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RBF intro Discretizatior on-linear relaxatio

[e]e]e] ]

How good can the interpolant be?

n

f@) = wyexp[—y(z — z1)°]
k=1
1.0 n=38
0.5
“ 00 " _
—05
D Do —os 00 05 10 5
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RBF intro Discretizatior on-linear relaxatio
[e]e]e] ]

How good can the interpolant be?

n

f(z) =~ Z wy, exp[—y(z — zx)?]

k=1

n =16

Yo Zi5 <0 —05 00 05 10 5
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RBF intro Discretizatior on-linear relaxatio

[e]e]e] ]

How good can the interpolant be?

n

f@) = wyexp[—y(z — z1)°]
k=1
10 n =32
0.5
“ 00
—05
D Do —os 00 05 10 5
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RBF intro Discretizatior on-linear relaxatio

[e]e]e] ]

How good can the interpolant be?

n

f@) = wyexp[—y(z — z1)°]
k=1
10 n = 64
0.5
“ 00
—05
D Do —os 00 05 10 5
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Discretization

Outline

® Discretization of the Collision operator
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Discretization
®000000

Statistical description of collisions in plasmas

@® Fokker-Planck operator:

Csslfs, 5]

L 8 (%) a.f's 7
in (9’Ui (Dssavj Kssf8>

CHALMERS

” UNIVERSITY OF TECHNOLOGY

9/30



Discretization
®000000

Statistical description of collisions in plasmas

@® Fokker-Planck operator:

0 - Of,
Cull i = s (DG ~ K.

® Friction and diffusion coefficients

) N2
Kz; L Mg 8@55 D’Lj 0 1[19 Vo5 = (6365 > In A.

= =7
s Ovt’ S Ovidui’ Ms€o
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Discretization
®000000

Statistical description of collisions in plasmas

@® Fokker-Planck operator:

0 . Ofs )
sS sy Js — g D’;jg s 7KZ* s
Cull i = s (DG ~ K.
® Friction and diffusion coefficients
: ms 05 | i 0*vs eses )
Kl,f\:* sgi( k., D’;jg:* 5.5%‘,, $§ — — InA.
88 = mg OU* a Ovtovi . mMs€o =

©® Rosenbluth potentials

ps(v) = — %/d’l_}fg(ﬁﬂv — 3|7,

CHALMERS

” UNIVERSITY OF TECHNOLOGY

9/30



Discretization
®000000

Statistical description of collisions in plasmas

@® Fokker-Planck operator:

0 . Ofs )
sS sy Js — g D’;jg s 7KZ* s
Cull i = s (DG ~ K.
® Friction and diffusion coefficients
: ms 05 | i 0*vs eses )
Kl,f\:* sgi( k., D’;jg:* 5.5%‘,, $§ — — InA.
88 = mg OU* a Ovtovi . mMs€o =

©® Rosenbluth potentials are difficult to compute

ps(v) = — %/d’l_}fg(ﬁﬂv — 3|7,
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Discretization
0O@00000

A special case relaxes difficulties

® For a drifting Maxwellian

Fwi7,vq) = (v/m)*% exp[—v(v — v4)?]
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Discretization
0O@00000

A special case relaxes difficulties

® For a drifting Maxwellian
f(;7,va) = (v/7)*% exp[—y(v — va)?]
® we have the Rosenbluth potentials

o(v;y,v4) = — TJZCI)(\NV —vdl),

PY(v;7,va) = —7 U(\/Alv —val)
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Discretization
0O@00000

A special case relaxes difficulties

® For a drifting Maxwellian
f(;7,va) = (v/7)*% exp[—y(v — va)?]
® we have the Rosenbluth potentials

o(v;y,v4) = — ﬂq)(flv —vdl),

P(v37,va) = — 7 (/v = val)
© where the ® and U are

®(y) :erfy(y),

U(y) = [y + 211,] erf(y) + eXp\(/%yQ)
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Discretization
0O@00000

A special case relaxes difficulties

® For a drifting Maxwellian
f(;7,va) = (v/7)*% exp[—y(v — va)?]
® we have the Rosenbluth potentials

o(v;y,v4) = — TJZCI)(WIV —vdl),

Y(v;y,va) = f U(\/Alv —val)

©® where the & and U are easy to compute and differentiate

Y

U(y) = [y+ ]erf(y)_|_eXp(_yQ)

2y
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Discretization
[e]e] lele]ele)

Our idea for easier computations

@ Express the distribution function as a convolution

fs(v,) :/ (1)3/2 exp[—7 (v — w)’|W,(u,v,t) du d,

™

ns(t) :/Wg(u,'y,t) du dry
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Discretization
[e]e] lele]ele)

Our idea for easier computations

@ Express the distribution function as a convolution

fs(v,) :/ (1)3/2 exp[—7 (v — w)’|W,(u,v,t) du d,

i
ne(t) = [ Wil t) du doy

® Compute the Rosenbluth potentials

.
RO — / V2832 — ul) Wi (u; v, ) du do,

47

[ _
velost) = g [ 27RO o~ ) W) du
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Discretization
[e]e] lele]ele)

Our idea for easier computations

@ Express the distribution function as a convolution

fs(v,) :/ (1)3/2 exp[—7 (v — w)’|W,(u,v,t) du d,

i
— [ Wit dudy

® Compute the Rosenbluth potentials

.
pulont) == 1 [ 71280 o — ) Wi, 1) du b,

velost) = g [ 27RO o~ ) W) du
© Define the wenght function

(2-D) Ws(u,~,t Zw
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Discretization
[e]e]e] le]ele)

We get a “mesh-free” approach

@ Choice of weight function gives the RBF basis functions

i i \3/2 i i
(3-D) Fi(v) = (vi/m)" 2 exp [—7i(v — vi)?]
(2-D) Fi(v) =(vi /)3 2Iy(2yivf v )e 2 01=vh) 1 (L4 00 0)

S
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Discretization
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We get a “mesh-free” approach

@ Choice of weight function gives the RBF basis functions

i i \3/2 i i
(3-D) Fi(v) = (vi/m)" 2 exp [—7i(v — vi)?]
(2-D) Fi(v) =(vi /)3 2Iy(2yivf v )e 2 01=vh) 1 (L4 00 0)

S

® Discretized distribution function

Fulw.t) = 3wl (O F ()
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Discretization
[e]e]e] le]ele)

We get a “mesh-free” approach

@ Choice of weight function gives the RBF basis functions

i i \3/2 i i
(3-D) Fi(v) = (vi/m)" 2 exp [—7i(v — vi)?]
(2-D) Fi(v) =(vi /)3 2Iy(2yivf v )e 2 01=vh) 1 (L4 00 0)

S

® Discretized distribution function

Fulw.1) = 3wk (D)
© Discretized potentials

pr =3 uwi(t)4i(o)

I OUAC)

. CHALMERS

” UNIVERSITY OF TECHNOLOGY

12/30



Discretization
[e]e]e] le]ele)

We get a “mesh-free” approach

@ Choice of weight function gives the RBF basis functions

i i \3/2 i i
(3-D) Fi(v) = (vi/m)" 2 exp [—7i(v — vi)?]
(2-D) Fi(v) =(vi /)3 2Iy(2yivf v )e 2 01=vh) 1 (L4 00 0)

S

® Discretized distribution function
ACEED IAONI0)
© Discretized potentials
pr =3 uwi(t)4i(o)
be =Y ui(Oviw)

What about time evolution?
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RBF intro Discretization
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Collisional evolution

@ From the continuous representation

of,
8t - zg:c.s§[fs;f§]
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Discretization
[e]e]ele] lele)

Collisional evolution

@ From the continuous representation

oL, = 3 Ol s

® to a bilinear expansion

> Fiw)

Z wy (t)C*E (v)
k0,5
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Discretization
[e]e]ele] lele)

Collisional evolution

@ From the continuous representation

oL, = 3 Ol s

® to a bilinear expansion
> _Fiv)

© with an analytical coefficient

Z wy (t)C*E (v)
k0,5

8% OFF  0Pyf OPFF
fov | Ov Ovov ~ Ovdv

Cix(v) = 7ss [ “FYF +
ms
where (1;; = mg/mz — 1
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Discretization lor
00000e0

Equation for the weights

@ Apply center collocation, i.e., evaluate the expanded equation
at the points v’

. Ow] k0 ikl
ZM?TILS 7 Zws w5 Oy,
J ’

k0,5
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Discretization
00000e0

Equation for the weights

@ Apply center collocation, i.e., evaluate the expanded equation
at the points v’

ZM” Z Wy Wy C;’;Z,

J k0,5

® Define the “RBF matrix” and the “collision kernel”

MY =Fl(v),  CF' = C5()
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RBF o Discretization
00000e0

Equation for the weights

@ Apply center collocation, i.e., evaluate the expanded equation
at the points v’

ZM” Z Wy Wy C’;’;Z,

J k0,5

® Define the “RBF matrix” and the “collision kernel”

MY =Fl(v),  CF' = C5()

We chose center collocation because of its simplicity.
Galerkin projection could also be worth considering.
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Discretization
000000

The RBF method

Sounds simple &
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Discretization
000000

The RBF method

Sounds simple &

Does it work?
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Non-linear relaxation

Outline

©® Non-linear relaxation problem
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Non-linear relaxation
000000

Non-linear relaxation problem

® Single plasma species s

%Yy O*f,
Ovov  Ovdv |’

Css [fsa fs] = Vss fs'fs -
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Discretizatior Non-linear relaxation
000000

Non-linear relaxation problem

® Single plasma species s

s 82]”3}

Css [fsv fS] = Vss |:f5f" N Ovdv  dvdv

® Normalize time

ez \?
TZ’)/SStZ( 5 ) InAt

msé€o

CHALMERS

” UNIVERSITY OF TECHNOLOGY

17/30



Non-linear relaxation
000000

Non-linear relaxation problem

® Single plasma species s

%Yy O*f,
Ovov  Ovdv |’

Css [fsa fs] = Vss |:fsfs -

® Normalize time

€2\
T = Yest = ( = ) InAt
mgseg

© Solve the initial value problem

ofe ..
2 o

s 0%,
Ovdv  Ovdv’
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Non-linear relaxation
000000

Non-linear relaxation problem

® Single plasma species s

%Yy O*f,
Ovov  Ovdv |’

Css [fsa fs] = Vss |:fsfs -

® Normalize time

€2\
TZ’)/SStZ( = > InAt

mgseg
© Solve the initial value problem by applying the RBF expansion

afs —f s 0%,
or 7% Gvdv  dvdv’
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Di or Non-linear relaxation
(o] Jelele]e]e]

Initial state

® Choose a non-linear double
peaked distribution function

s(v,70) Zexp [)’Lv—v)]

with v1? = (£3,0,0) and
B12=1/5

18/30
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Discretizatior Non-linear relaxation
(o] Jelele]e]e]

Initial state

® Choose a non-linear double
peaked distribution function

s(v,70) Zexp Btv—v)]

with v1? = (£3,0,0) and
B12=1/5

® Project the initial state to
the RBF basis (with center
collocation)

18/30
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Non-linear relaxation
(o] Jelele]e]e]

Initial state

® Choose a non-linear double
peaked distribution function

s(v,70) Zexp Bbv—v)]

with v1? = (£3,0,0) and

Bra=1/5

® Project the initial state to . A R S N N
the RBF basis (with center 8-6-4-20 2 46 8
collocation) Uy
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Non-linear relaxation
[e]e] lele]e]e]

Time slices 7 =0, 3,6, 40

Uy
Lo
RO RARNopw»o®

8-6-4-202 468

(2
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Dis r Non-linear relaxation

3-D vs 2-D RBF

[e]o]e] le]ele)
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Non-linear relaxation
[e]e]e] Jeele]

3-D vs 2-D RBF

@D BENo N, ®

@D BENonsO®

XD BENo NSO ®

vy
DB N s ®

86-4-202468 8-6-4-20246 8 86-4-2024638 86-4-2024638
Uy v, v, v,
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Non-linear relaxation
[e]e]e] Jeele]

3-D vs 2-D RBF

/
—4

86-4-2024638
v.

y
@D BENonsO®
y
@D BENo N, ®

Uy
XD BENo NSO ®

y
DB N s ®

86-4-2024638

8-6-4-20246 8
), v,

86-4-202468
), v,

Uz

(2D) Fi(v) = (3 /m)**To(2n}, yoa e 1) 0L+
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Non-linear relaxation
[e]e]e] Jeele]

3-D vs 2-D RBF

Uy

@D BENonsO®
Uy

@D BENo N, ®

y
XD BENo NSO ®

Uy
DB N s ®

86-4-202468 8-6-4-20246 8 86-4-2024638 86-4-2024638
Uy v, v, v,

(2-D) Fi(v) = (v/m)*2Io(2x}v} w1 )e " CImvan) =2 0h s h )0

8 8
6 6

J4 S4

2 _‘ 2l 7

oy /S 0 0 0 ‘
8642002468 -8-6-42002468 -864-202468 -B86-4-202468

Y Ul Ul
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Non-linear relaxation
[e]e]e]e] Tele]

The RBF method

Looks nice and symmetric &
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Non-linear relaxation
[e]e]e]e] Tele]

The RBF method

Looks nice and symmetric &

What about exact numbers?
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Discretizatior Non-linear relaxation
0000000

Conservation properties

® Compute the evolution of the velocity space moments

energy: @ = & density: Q = n  velocity: Q = vy (v)), vy, v,
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Discretizatior Non-linear relaxation
0000000

Conservation properties

® Compute the evolution of the velocity space moments
energy: @ = & density: Q = n  velocity: Q = vy (v)), vy, v,

® Scan over different number of RBFs
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Non-linear relaxation
0000000

Conservation properties

® Compute the evolution of the velocity space moments
energy: @ = & density: Q = n  velocity: Q = vy (v)), vy, v,

® Scan over different number of RBFs
10’

| I D R E— —
—&—n (3D)
—*—n (2D)
1098 —=—¢ (3D)
,_ —A—¢ (2D)
-~ ——v, (3D)
ST —fe—v) (2D)
= v, (3D)
Q) y
A —E&—v. (3D)
% 102
= 10
=]
107
107

5 6 7 8 9 10 11 12 13 14 15
Number of points in v,, vy, v.,v, (double in v)
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Di or Non-linear relaxation
000000e

Non-conserved moments:

©® Analytical [ dvv?f(v,t) for initial and equilibrium state
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Discretizatior Non-linear relaxation
000000e

Non-conserved moments:

©® Analytical [ dvv?f(v,t) for initial and equilibrium state
® Compute the numerical equivalent
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etizati Non-linear relaxation
000000e

Non-conserved moments:

©® Analytical [ dvv?f(v,t) for initial and equilibrium state
® Compute the numerical equivalent

5.7 T T T T T T T

5.6

L L L L L

| I T T .

1

time 7
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etizati Non-linear relaxation
000000e

Non-conserved moments:

©® Analytical [ dvv?f(v,t) for initial and equilibrium state
® Compute the numerical equivalent

5.7 T T T T T T T

5.6

L L L L L

| I T T .

1

time 7

Not bad &
CHALMERS
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Vlasov-Maxwell

Outline

O What about the Vlasov-Maxwell part?
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Vlasov-Maxwell
[ le]e}

MHD, gyrokinetics, you name it!

® Vlasov + collisions

Ofs
ot +v-Vfs+ ~y (E+UXB chsfsafs s
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Vlasov-Maxwell
[ le]e}

MHD, gyrokinetics, you name it!

® Vlasov + collisions

Ofs
ot +v-Vfs+ ~y (E+UXB chsfsafs s

® Electric and Magpnetic fields

VB =0/} [ dos.0.

VxB—MOZeé/dvvfévt) 1 0F

2 ot
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Vlasov-Maxwell
[ le]e}

MHD, gyrokinetics, you name it!

® Vlasov + collisions

Ofs
ot +v-Vfs+ mS(E+UXB ZOSéfsafS

® Electric and Magpnetic fields

VE=(1/2)Y [ dof(w.0

V x BZMOZes/dvvfs(v,t)—i- 1 0B

ot

RBF already tamed the collision operator.
What about the rest?
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Vlasov-Maxwell
(o] le}

RBF discretization of the Vlasov-Maxwell system

® RBF Vlasov-Fokker-Planck

S OMILTwl =Y wkwbCH, v i€ 1,23, (1)
J k4,5

where M is the RBF matrix as previously and the operator L% is

9 . P . . , ,
vy = L, Jj S, J gyt . J ?
LY = g ol V2ot | (]~ o)) B+ (v] x v}) - B]
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Vlasov-Maxwell
(o] le}

RBF discretization of the Vlasov-Maxwell system

® RBF Vlasov-Fokker-Planck

S OMILTwl =Y wkwbCH, v i€ 1,23, (1)
J k4,5

where M is the RBF matrix as previously and the operator L% is

9 . e, . . , ,
1] = T, g __°y J a4t . J Y .
LY = g ol V2ot | (]~ o)) B+ (v] x v}) - B]

® Maxwell's equations
V-E = (1/gp) Zesw;

.. 10E
VxB :/LOZeswsvs+cfQE
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Vlasov-Maxwell
(o] le}

RBF discretization of the Vlasov-Maxwell system

® RBF Vlasov-Fokker-Planck

S OMILTwl =Y wkwbCH, v i€ 1,23, (1)
J k4,5

where M is the RBF matrix as previously and the operator L% is

9 . e, . . , ,
1y - i, =8y T ay) . 7 AW
LY = g ol V2ot | (]~ o)) B+ (v] x v}) - B]

® Maxwell's equations
V-E = (1/gp) z:eswi7

.. 10E
VxB :MOZeswsvs+cfQE

Resemblance to moment equations...
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Discretizatior on-linear relaxatio Vlasov-Maxwell
[efe] ]

RBF fluid moments

© Define RBF “temperature”’ parameter: 7! = m,/(27})
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Discretizatior on-linear relaxatio Vlasov-Maxwell
[efe] ]

RBF fluid moments

© Define RBF “temperature”’ parameter: 7! = m,/(27})
® Compute the moments

Density ns :Zwi
i
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Vlasov-Maxwell
[efe] ]

RBF fluid moments

© Define RBF “temperature”’ parameter: 7! = m,/(27})
® Compute the moments

Density ns :Zwi
i

Velocity n,Vs; = Z wy vy
i

27/30

CHALMERS

” UNIVERSITY OF TECHNOLOGY



27/30

Vlasov-Maxwell
[efe] ]

© Define RBF “temperature”’ parameter: 7! = m,/(27})
® Compute the moments

Density n, :Zwi
Velocity n,V; :Zwi« v,
Temperature STy = Z 7-z + m (vi—Vy)?
oltsts $ s

Momentum flux tensor II, = Z w' m [7;1 I+ v;v;}

oI5 1 .
Energy flux Qs :Xi:w;vg [272—1—2ms(v§)2}
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etizati on-linear re Vlasov-Maxwell
[efe] ]

RBF fluid moments

© Define RBF “temperature”’ parameter: 7! = m,/(27})
® Compute the moments

Density n, = Zw;
Velocity n,V, = Zwi v
Temperature §n T, = Z 7'z + m (vi—V,)?
2 s+8 S S

Momentum flux tensor II, = Z w' m [7;1 I+ v;v;}

Energy flux Qg = Zw’ v §Ti + 1m (v!)?

S - s Vs 2 s 2 S\"7s

Easy to compute even for a large number of RBFs
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Summary

Outline

©® Summary and where to proceed
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Summary

[ ]}

Introduction to RBFs
e How to interpolate scattered data

e Convergence of the interpolation

New idea to address the collision operator
e Gaussian RBF expansion for the distributions
e Analytic expansion for the non-linear Fokker-Planck operator

Demonstration of a non-linear relaxation problem

e Both 2-D and 3-D RBF methods seem to work
e Conservation properties reasonable
e Consistent with analytical results
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Summary
oce

Where to proceed

Applied mathematics
e Well-known conditioning problem with the RBF matrix
e Experiment with different mesh configurations

e Galerkin projection instead of the center collocation

Physics
e Heating scenarios
e Loss cones
e Non-linear stuff

Vlasov-Maxwell-Fokker-Planck

e Multispecies scenarios
e Advection terms
e Coupling to field solvers
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