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Roadmap...

eBrief contextualization of reflectometry
©The requested sort of tutorial on FDTD
oMaxwell FDTD
¢REFMUL: O-mode code
& Example of a forward scattering simulation
¢REFMULX: X-mode code
& Example of a synthetic diagnostic with GEMR input
¢REFMULEF: Full polarization code
& Example of the first tests
oFirst new areas of application
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Reference pin

® Signal sent to the plasma VCO /
>
Ssre(t) = Agre cos(wt) N =

O———K
® It propagates being reflected at FrF —— Probing wave
the cutoff position r¢ l l = Reflected wave

Plasma
Srcv (t) — Aant COS (wt + S0) Detector ?

Y =% 1T Pyt Pp
¢ The reflected wave shows a phase shift ¢ due

to the microwave circuit ¢y, propagation in a B Awf [T
vacuum @o and in the plasma . L ] N(r)dr — ¢y

[ — ——
¢ The phase @y reflects the propagation of the wave along a path described by a
refraction index N(r) and contains information about electronic density ne

© O-mode ¢, = @p[f, No(n.)] © X-modo  ¢p = @p|f, Nx(ne, Bo)]
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Altar-Appleton (Appleton-Hartree) equation

¢ Solving the dispersion equation in N?

X(1—X)
L= X 1/2v75in% 0 £ [(1/2Y 500 0)7 + (1 X)¥ 7 cos? ]

N*=1-

¢ Of interest to reflectometry is the case with 8=11/2, which gives 2 expressions:

N2=1—-X ¢ O-mode - linear polarization with E//Bo
e — B
X(1—-—X
N?=1- ( ) # X-mode- elliptic polarization with E_LBy

1-X-Y?

L ee— e
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Propagation on plasma far from trivial

Plasma is in reality an extremely complex, non-homogeneous, non-stationary, anisotropic, where
waves suffer the effects of turbulence, MHD, Doppler shifts, absorption, diffusion, mode

the fundamental physics

conversion. It requires a numerical full-wave treatment based on a simplified model which retains
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Several CEM techniques have been used to tackle this problem such as screen-phase, ray-tracing,
Helmholtz, TML, FEM, paraxial approximation and wave-equation solver but all present limitations

The technique most up to the job is FDTD
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W Q),)» Finite-Difference Time-Domain

Finite-difference time-domain (FDTD) is a numerical analysis technique used in
computational electrodynamics.

Finds approximate solutions to the associated system of differential equations.
As a time-domain method, covers a wide frequency range in a single run.

Treats nonlinear material properties in a natural way.

Yearly FDTD-Related Publications

dme domain® i ither th te, sberact, o ey word - - 2,000

1000 . . . . . -.\ papers
s o i) < FDTD has become, in the past
Eemmimeat ] thirty years, one of the major, if
_ 100 ¢ ed., Norwood, MA: Artech House, 1998. _ ; nOt the prlnC|pa| numencal

o n
2 ) method to solve problems of
z I electromagnetism, including
10 ¢ ' problems in the area of wave
propagation.
Il —— .
Yt n.o ol mI 7 . . \
1965 1970 1975 1980 1985 1990 1895 2006
Year
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Propagating-wave solution

— =2 u(x,t) = F(x + ct) + G(x — ct)

Ou _ dF(z+ct) O(x+ct) N dG(z —ct) O(z —ct)
ot  dx+ct) _ Ot  dlx—ct) _ Ot

7

~" "~

)ak ¢ G’ —¢

% = cF'(z + ct) — cG'(z — ct)

2
ZT;L = c?F"(x +ct) + 2G"(z — ct)
82u 1/ !/

T

CF" (x4 ct) + G (x — ct) = P [F' (x + ct) + G (z — ct)]
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Finite differences

0%u 0%u
- =2 u(x,t) = F(x + ct) + G(x — ct)
Ot? Ox?
expanding u(x,t) about a space point x; to xi+Ax, keeping time tn fixed:
B ou (Azx)? 0%u (Ax)? 93u (Ax)* 0%u
ulest Av)| =ul | TR L2 el 6 e8| T aef|

expanding u(x,t) about a space point xi to xi-Ax, keeping time t, fixed:

ou (Ax)? 0%u (Az)3 &3u (Az)* 0ty
;i — A = — Ax— —

u(@ 7) th “ ©i b x&n 2 Ox? 6 Ox3 24  Ox4
CL’i,tn .’L’i,tn x’iat’n 527tn

_ (Ax)? O%u (Az)* 9*u

- i +A ;i — A =2
summing:  u(z; + Az) N + u(x z) e T R t 5 974 »

Ti,ln 3yin

Second-order accurate central-difference approximation to the second
partial space derivative of u

u(x; + Az) — 2u(x;) + u(x; — Ax)
(Az)?

0%u

dx?

+ 0 [(Am)z}

tn

w’iatn
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FD approximation of the scalar wave equation

u(z;, tn) = u(iAx, nAt) =
time derivative:

space derivative:
2 ntl o 4 1
0“u u, w4 u, +O[(At)2}

0%u ut g — 2u +up )
el _ ) ) A el _
022 y (Az)?2 +O[( ) ] 912 B (A1)
- HT =204,
uT SRR T of(aep] e T2 T ol iag] &
(At)?2 - (Ax)? \
S + """ .
fully explicit 2"d-order accurate expression for u"*: i l
I S A ?
—2u” + ult ’
n+1 ~u Z—i—l n n—1
w22 (cAt)? Az -+ 2ul — ] I % _____
B
s
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Source and boundary conditions

Boundary
conditions
'~ Unidirectional transparent Boundary
source (UTS) conditions

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Boundary Boundary
conditions conditions

Unidirectional transparent
source (UTS)

it=1423 F(x+ct)+G(x-ct) it=1392 G(x-ct)
2 T L T T T T T 1] 2 T L] 1) T T T T T
1.5 f 1.5 f 8
1F 1F 1
’;:‘ 0.5 | ';‘ 0.5 |
3, 3,
o 0 o 0
€ €
<< -05 ¢ << -05
-1 -1 F
-1.5 + -1.5 + E
_2 1 1 1 1 1 L _2 1 1 L 1 L 1 1 1
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x [grid points] x [grid points]

No boundary condition
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Boundary conditions (2D)

Calculation domain Response from boundary
-70 T T T T
OWE or PML -80
_ 90 \‘4
g
E‘ E‘ § -100 |
% s % g 110 |
N vacuum .~ 120 1
S 4130 | Engquist-Madja
—— PML
OWE or PML —— w/o reflection
-140 ‘ ‘ ‘ \
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Iteration
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W@  Unidirectional Transparent Source (2D)

10;/”““““ | W '. 1
uu‘uuui: I M“u : ®Forward signal injection
B e @ : .
- °°°°°°°”"“H))) ®/solates return signal
- / / ®Recovers minute signals

with UTS
wwwwwwwwwwwwwwwwwww 1\0\ L \1\2\ L \1\4\
X X
(O)UTS @ Backup slides §>
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Some important concepts

Numerical dispersion

2

~ 1 4 Ax
k= X, Cos 1+ Al [COS(WAt) — 1}

Numerical stability

no__ ej(&')realnAt—l;iAx)

Uj;

um

1
Z‘(—s—mﬁ
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nth power
) o () At)nAt—kiAz]
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(Un)Stability example...

0.8
0.6
0.4
0.2

Amp [a.u.]
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S = cAt/Azxz =1.00

n o_ (J),ﬂealnAt—I;:iAa:)

J
u; =e

it=161
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S = cAt/Ax =1.05
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Looking into the unstability results...

it=161
2e+38

1.5e+38

s

-1e+38 |
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FDTD Yee schema + LDE

@ FDTD most commonly applied to Maxwell's curl equations
@ Usual to write the curl equation in a vacuum (with &9 and o)

@Condense the plasma physics in the density of current J

@This results in a system coupling Maxwell equations with a LDE for J=cE

—e0E4+VXxH = J
MQatH+VXE = 0
0, = cow,E—vI+wbxJ

@ The curl equations are discretized following Yee schema

QF A time integrator is used to solve J — the sensitive part...

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Field components

OF, 1 (OH, O0H, o 1
- — — _Ea: J:I:
ot €0 ( Gy 0z ) €0 €0
%:i 8Hm_3Hz —iEy—lJy
ot €0 0z Ox €0 €0
OF., 1 (0H, O0H, o 1
— — ——F, ——J,
ot 50< ox oy ) €0 €0
8Hx__1 8Ez_8Ey _J_*H
ot po\ Oy 0z o
0H, B 1 (OF, B oL, U_*H
ot Lo 0z ox o Y
OH. _ 1 (0B, OB\ o,
ot po\ Ox dy fo
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i Q),)» Field components Bérenger PML formulation

OBey _ 1Ot Hy) oy, 1 Oy 1 0Bt B o

ot eo Ay o 0 e ot 10 Ay po Y
0E,.  10(H,,+Hy,) 92 1 7 OH,., 1 0(Ey.+ Ey;) a_;H

ot e 0z g O ° 0o F ot o 0z o
oE,. i@(ny + H,.) T ij OH,, 1 O(Eyy + Ey2) ol

ot €0 0z €0 vz €0 vz ot Ho 0z Mo v
OE,, _ 1 O(Hz + H,y) _ep iJ O0H,, _ ia(sz +E.,) oy

ot €0 ox g 0T g U ot Lo Ox po V"
0F.,, 1 0(Hy, + Hy,) 04 1 0H ., 1 0By, + Ey,) o

= — S - T ——Hy

ot €0 ox €0 €0 ot Lo ox Lo
oL, 1 0(Hyy + Hy) oy 1 0H, 1 0(Eyy + Es2) 0;
Yy T T —— Ly — —Jy T — — M,

ot €0 dy €0 €0 ot 1o Oy 1o
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E = —jy— —c*H
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VxE = —,LLOE—O'H
Vacuum
OE
H = —
V X 80(9?5
OoH
E = —ug—
_ VX HO5¢
\ Plasma
OE
H = —+J
V X 608t+
OoH
VxE = —uygy—
X Mo({%
dJ
2
— = cowiE—vd +w,. xJ
dt P ©
S —

NB.: With plasma movement, a
correction is formally needed
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Classic discretization

En+1 —_ E»
At
Hn—|—1/2 _ Hn—1/2

o AL

£0 —V X Hn+l/2 — —Jn+1

+VxE" = 0

Jn—|—1/2 _ Jn—1/2 e Jn—|—1/2 _|_Jn—1/2
A7 = E()wa —|—wa X 5 .

To be solved with an efficient and stable numerical schema...
A kernel, proposed by Lijun Xu and Naichang Yuan provides efficiency and stability

Lijun Xu and Naichang Yuan, IEEE Antennas and Wireless Propagation Letters, Vol. 5, 2006, pp 335-338

EEE ANTENNAS AND WIREAES PKUPAGATION LETTERS, VOL- 5.2006

FDTD Formulations for Scattering Fr(?m 3-D
Anisotropic Magnetized Plasma Objects

Lijun Xu and Naichang Yuan

—

For REFMULX and REFMULF the XY kernel was modified by us: MXYK

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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) Searching for new solutions: Després-Pinto Kernel (DPK)

Implementing a new kernel proposed by B. Després and M. Campos Pinto
{F Changes time centering of of J

@ Relates J and E in a Crank-Nicolson way

En—l—l —_E™ Jn—l—l i Jn
_ MH™Y2 =
OTTAL 2
Hn+1/2 — H»1/2
[o A = —M'E"
Jn—l—l —_J» o o En_|_En—|—1 . . Jn—l—l _|_Jn
A = 05" (w,) 5 + S™(we)b AR 5 :

& Operators M and M7 implement VxH and VxE on a Yee cell.
& S(u) an operator implements the multiplication of a vectorial field by a scalar u
@ b An an operator approximating the cross product bx on staggered grids

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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U @)} Model and 2D geometry for o-mode

Plasma stationary on wave-time reference (7 > Tyav)
Tons considered motionless (we; < Wiaw)

Thermal electron velocity smaller than phase velocity (v¢n, << vpn)
Propagation in z—y plane

Static magnetic field along z (Bg) H, |
No gradients along z axis (0/0z = 0) Hy

O-mode propagation (E//Bg) 8/02=01"

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar

Friday, December 12, 14



O-mode/TMz mode

For the TMz mode (O-mode)
0H, OF,

Y "oy
OH, OF,

MOW + ox
OF. 0H,

€0 =

ot 0y Ox

dJ, 5
@ T +vJ, = aowaz

For the TMz mode (O-mode) in the PML

OH, oL,
*Haz — .
Ho—gp +0 9y
n OF,
ox
JE. | OH,

ot N oy

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Example of a REFMUL
simulation
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Forward S‘cattering

Forward-scattering under high level of turbulence or long propagation paths can induce
significative effects and impose a signature on the Doppler reflectometry response.

Bragg backscattering (a) mainly in the vicinity of Cumulative forward-scattering (b), which
the oblique cutoff for fluctuations having a resonant  becomes efficient for krs<2Kkairy
wavenumber given by Ksragg= 2Kosin(a).

60

o

ad I
et S T e 28

N
o |-

40 60 80 100 120 140 20 40 60 80 100 120 140
x [cm] x [cm]
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Model for turbulence

Merns = D Y Aliy]) x cos[ke (i) + ky(5)y + @i, j)]

1 AN
0.9 ”". “\\
ol i
auy %8L ///II,IIIM __
aul 05 i DA :
04 I o
- 0D [x10° rad/m]
’ b ’ a '0-1% 02 |
k, [x10° rad/m] O

L L L L
0 0.02 0.04 0.06 0.08 0.1
ky [x10s rad/m]

The amplitude spectrum modeling plasma turbulence was chosen to allow only forward
scattering. There are no structures with a Bragg ressonant size Agragg.

Plasma slab model 1,353 x 3,000 grid points
f=40 GHz (nc =2-10'°m-3)

RMS (@35 GHz. dne/ne(X3sgHz) x 100%)

vy =225-108m-s7, i.e. v/c = 7.5%.
Lm=30,000 grid points

N = 800,000 iterations

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Beam enlargement

| | 2 dt Average integrated E; cuts
E/ 9000 T T T T T
Zedge 00% ——
L 0.1% |
8000 1 5506 —— |
7000 | }%6 T !
3wl ~
< so00 | 75% —— ]
3 100% ——
2 |
]
£ 1
<
60
y [em]
2.2
Normalized average exit
2 beam width
[e]
z
£
[
[0}
ko]
Q
9 10

dng/ng [%]
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Runs at different angles

Average integrated E; cuts a=7° Average integrated E; cuts a=20° Average integrated E; cuts a=30°
16000 T T T T T 9000 T T T T T . : : . .
01% —— 01% —— 9000 0.0% —
| 025% —— | | 025% —— i L 01% —— ]
14000 ;g :?0 - 8000 ;gz" - 8000 055% —
12000 | 3.0% 1 7000 F 50 9% | 7000 | 320 |
—_ jry [ 50% —— 4 ry [ 3.0% ]
< 10000 | 1 3 6000 75% —— | 3 60001 ghep
> o 5000 | 10.0% —— S 5000 | 5% —— 1
T 8000 | ‘ g ° o 1009 ——
2 2 4000 2 4000 | 1
6000 - 1 g
E ‘ £ 3000 & so00 ¢ |
4000 r ﬁ 1 2000 2000 | 1
2000 | /Mv 1 1000 1000 | ]
o ‘ L ‘ 0 0
-60 -40 -20 0 20 40 60 -60 -40 -20 0 20 40 60
y [em] y [em]
Normalized average exit beam width RMS at the antenna
0.06
2.4 —
a=7, ——
22| a=20, —— _. 005
=30 —— S
<
2 ~ 004
o 18 s
< £ 003
g 16 8
Kol >
[ =
1.4 £ 002
1.2 £
. 0.01
1
L L L L L L L L L 0
0.8 o 1 2 3 4 5 6 7 8 9 10

0 1 2 3 4 5 6 7 8 9 10

n, [%
dng/ng [%] ono/ne 1%
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U @)} Model and 2D geometry for x-mode

Plasma stationary on wave-time reference (7, > Tyav)
Tons considered motionless (we; <K Wwaw)

Thermal electron velocity smaller than phase velocity (v, << vpn)

Propagation in z—y plane By
BZ
Static magnetic field along z (Bg) E |
y
No gradients along z axis (0/0z = 0) Ex x—y

X-mode propagation (H//Bg) ¢ 02=01

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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TMz and TEz modes

For the TEz mode (X-mode) TEzZ gnd (X mode)
0B, _ OH.
ot oy "
OB, _ oH.
ot oz Y
OH. _ OB, 0F,
K¢ = oy~ ox
dJ,
dt ‘I‘I/Jx — gongx — Wz X Jy
dJy,
E + yJ = 50wz2)Ey +w, X Jy

For the TEz mode (X-mode) in the PML

OF, OH.,
€0 + UE:z: —
ot oy @B ®cE, ], ME.J,
(9Ey OH.
-y E = —
05 Toby 9z
OH N oFr oF
z Hz — T _ Yy
Ho—gp T O oy ox

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Example of a REFMULX
simulation
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GEMR model global geometry gyrofluid electromagnetic model

¢) 6-moment electromagnetic gyrofluid model for each plasma species:
* density and Il velocity
* |l and L temperature and heat flux

¢ Polarisation and induction: field equations

¢» Dependent variables include the zonal profile:
*e.g. Ne — N + ng(x)

© Includes a scrape-off layer (SOL) next to the edge region

¢» Dependent variables include the zonal profile:
* radial (x) dependence retained (no flux tube approximation)
* reduced-MHD equilibrium part: self consistent Shafranov shift

& Gyrofluid models are suitable to study tokamak turbulence while
demanding moderate computational resources

R — e

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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An illustrative case

HFS LFS

Much smaller sized than ASDEX Upgrade

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Different code domains

unca entendi esse negocio de coordenadas polares;,
por isso sempre usei as cartesianas...

V4

Friday, December 12, 14



Different code domains

GEMR defined in polar coordinates (r,0)

REFMULX defined in Cartesian coordinates (x,y)

Friday, December 12, 14



Different code domains

| GEMR grid not regular
o on REFMULX grid

i

Friday, December 12, 14



From polar to Cartesian...

<P detail of the triangulation

A Delaunay interpolation technique is used

Friday, December 12, 14



From polar to Cartesian...

GEMR output REFMULX input
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W@ Towards an ASDEX Upgrade configuration...

Delauney interpolation

Local set of physical quantities: typical ASDEX Upgrade edge (L-mode)

Friday, December 12, 14






Results of the swept run:

Cutoffs 1/Q reflectometry

0.04 ‘ . 1
: e ‘ —signals
10¢ i 0.03
- 50 1
i 002 |
> 40 El
[ /vv 2 0.01F
©
Tl N Y o
S 0r 5 30 ] 0r
> [ = =
H - \,\/\/' g 001}
5L 20 40 <
5 002 |
I 10 | 1 -0.03 |
-10]-
0 ‘ ‘ ‘ ‘ -0.04 ‘ ‘ ‘ ‘
0 0.02 0.04 0.06 0.08 0.1 80 82 34 36 38 40
d [ f[GHz]

/Q normalized signals Phase derivative SFFT

1.4

I : :
Q ——
—_ o
s 05 5
© 8
F) @
g o °
= X,
=3 —
g -0.5 u 3
<
o
_1 .5 1 1 ! ! 0‘7 1 1 1 1 1 1 1 1 1
30 32 34 36 38 40 31 32 33 34 3 36 37 38 39
fIGHz] f [GHz]
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W @)) Recalling 2D geometry for o-mode and x-mode

/

Propagation in 2D (x-y plane)  External magnetic field, Bo along z No gradients along z axis (6/0z=0)
By
EZ
 Hy | Transverse magnetic mode TMz (Ez, Hx, Hy)
Hy X—y O-mode propagation (E//Bo)

B | Transverse electric mode TEz (Hz, Ex, Ey)
y
Ey X-mode propagation (H//Bo)

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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For the TMz mode (O-mode)

o BT,

o It

oH, OF,
H% = "oy
oH, oL,
MOW N ox
- OF., _ _GHx N 0H,
ot oy Ox
@ dd{fz —+ VJZ = 50w229EZ

For the TEz mode (X-mode)

0B, _ 0H. |
T T
0E,  OH.
L T
OH, 0E, OE,
o = -
ot oy ox
d.J,
Iz
a7
dJ
d—ty +vJ, = 50w]29Ey +w, X J,

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar

0H,

+0"H,
0H,

+o0*H,

OF,
ot

€0 —|—O'Ez

For the TMz mode (O-mode) in the PML

oF,
oF,
ox
B OH, N 0H,
oy Ox

For the TEz mode (X-mode) in the PML

0H,
dy
OH,

ox

0E, OE,

0y Ox
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REFMULF 2D geometry

Propagation in 2D (x-y plane)

General external magnetic field, Bo=Bx+By+B:

No gradients along z axis (6/6z=0)

x=y
o/oz=0{"
TMz grid (O-mode) TEz grid (X-mode)
e e e ey e
elaledelele
olatatolal g
oola e a g
Yt Y
¢4 14 b
@c:.J. \ 4it

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar

Transverse magnetic mode TMz (Ez, Hx, Hy)

O-mode propagation (E//Bo)

Transverse electric mode TEz (Hz, Ex, Ey)

X-mode propagation (H//Bo)

Maxwell curl equations can only couple TMz
and TEz modes through d/0z

BUT

Friday, December 12, 14



Coupling though J is possible

dJ

E — 50w229E—VJ—|—wC><J
dJ,

(11 vd, = 8()ng3;—|-wa2 — w,Jy
dJ

d—f +vdJ, = 80w§Ey + Wy Jp—wa .
d.J,

7 +vJ, = 50w§Ez+way — wyJy

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar

Bx or By couples TMz plane to TEz

Bx or By couples TEz plane to TMz
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Xu & Yu expression for Jx

w2 At?
4
wSAt2 wiszt‘L At?w?
4\ 16Cy,  4Cy,

OOa: = 1+

Clx = 1+

JrV2(5 5 4+1/2) +

)E;”(H— 1/2, §)

EMi—1/2,j—1/2)+

n—1/2/, .
J! 12(i4+1/2,5) +

TV - 12,5 - 1/2)

1 w2 At? w2w2 At A2
JrtVR(i,5+1/2) = -+ (e~ 10
Clha 4 16CoH, 4Co,
2 2
€oprt . Wywy At Atw,
EMi,j +1/2 ( _
50w§At2 (wgwyAtz Atw,w,
+ o wy - -
20130 Y 4COgc 200:10
wewy At? Atw, 1 w2 At?
+ - 4 (o -
4C1x 20195 COac 40095
1 W AL fwawy, A2 Atw
LT b L s N N >
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Xu & Yu expression for Jy

ngt2
14 1
- WA [wiwIAtt A2
4 16Co,  A4Cy,
1 WIA?  wIwIAEE AfRW2
B ( yHz . T Jn—l/2 . 1 2’ .
Cry i \Tleay, " acy, |7 Ut YRDE
2 2
gow, At , , wyw, At Atw, . .
EM(i+1/2, ( _ )Ef; —1/2,5—1/2
Cr w(i+1/2,5) + 1o, 20y, (i—1/2,7=1/2)| +
2 A 42 2 2
gow, At (wyszt Athwy) nee o
- _ E™(i,j +1/2
wyw, At? Atw, 1 sztz 12 .
_ I [T 26— 12,5 - 1/2) +
( 401y 201y COy 4COy ( / g / )
1 Wy At fwyw, A2 Atw
T ZAt— Yy ( Y=z . x) J?’l—l/? '7 . 1 2
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w2 At?

L+ =5
. w2 At? WAL AW
L R T N To
1 QA 2 2 QAt4 At2w2
| watt (“Z“’x — (- 12,5 — 1)2) +
Ch 4 16Co.  4Co,
2 2
gowy At _ , Wowe AL Atw,, .
E'i—1/2.§—1/2 ( _ )E“ 1/2
e U T T, )T R
2 2 2 2
gowy At (wz wAt* Atwyw, ) : :
il Ul PR _ EMi41/2,
2C1, “ 4C., 2Co, y(Z—l— /29)+

JRY25 4+ 1/2) +

2 2
b <ct Zcéot )

Wowy At? B Atw,,
4012: 2Cflz
w, At <wzwwAt2 B Atwy>
Co- 4 2

Clz

wy At — JrV2(i+1/2,5)
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O-mode/TMz excitation

O-mode probing with =35 GHz, B.=0.95T, By=0.01T

O-mode probing, E: field X-mode mode coupling, H; field

Plasma frequency cutoff f,

Upper cutoff fu

Friday, December 12, 14



X-mode/TEz excitation

X-mode probing with f=35 GHz, Bz=0.95T, By=0.01T

X-mode probing, H; field O-mode mode coupling, E; field

Upper cutoff fu |

Plasma frequency cutoff fp
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B: constant, Increasing By

B:=0.9T
B, = 0.0, 0.15, 0.30, 0.45, 0.60, 0.75,0.9 T

.h
.h
~

~§
~~
~

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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O-mode excitation E; and x-mode coupled H; signals

B-=0.9T, B,=0T

E, — H, —
02 1* 0.0004 -2
0.1 | 0.0002
E El
S 0 S, 0
o o
-0.1 | -0.0002
-0.2 -0.0004
0 20 40 60 80 100 120 0 20 40 60 80 100 120
Iterations [x1 03] Iterations [x1 03]

B-=0.9T, B,=0.3T B=0.9T, B,=0.6T

E, — H, —— E, — H, —
0.2 0.0004 02 0.0004 |~
01 0.0002 0.1 0.0002 |-
= 3 T 3
gN 0 < 0 S, 0 S 0
uf T i T
01k -0.0002 -0.1 -0.0002 -
-0.2 -0.0004 -0.2 -0.0004
0 20 40 60 80 100 120 0 20 40 60 8 100 120 0 20 40 60 80 100 120 0 20 40 60 80 100 120
Iterations [x10%] Iterations [x10%] Iterations [x10%] Iterations [x10°]
B,=0.9T, By=0.75T Bz=0.9T, By=0.9T
— J— E, H, ——
02 |2 | 0.0004 | 2 02 * 0.0004 |
01 | 0.0002 0.1 0.0002 |-
= ) = El
5o el 0 s 0 < 0
My T uf' T
0.1 | -0.0002 -0.1 -0.0002 |
-0.2 -0.0004 -0.2 -0.0004
0 20 40 60 80 100 120 0 20 40 60 80 100 120 0 20 40 60 80 100 120 0 2 40 60 80 100 120
Iterations [x10%] Iterations [x10°] lterations [x10%) Herations [x10%]
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E,[au]

E,[au]

X-mode excitation

@

H: and o-mode coupled E; signals

B-=0.9T, B,=0T

E, j 0.0006
0.2
0.0004
0.1
— 0.0002
3 —
< 3
" 0 S, 0
w N
I
-0.1 -0.0002
02 -0.0004
0 20 40 60 80 100 120 -0.0006 o 2‘0 4‘0 éo 8‘0 160 120
lterations [xt 03] lterations [x1 03]
B:=0.9T, B,=0.3T B;=0.9T, B,=0.6T
E, — 0.0006 E, — 0.0006 .
02 = 02 % H, —
0.0004 0.0004
0.1 0.1 |
0.0002 — 0.0002 |
0 el 0 <0 el 0
N w N
I I
-0.1 -0.0002 0.1 - -0.0002 -
02 -0.0004 0.2 -0.0004
-0.0006 : : : : : -0.0006
0 20 4? ) 60 10380 100 120 0 20 40 60 80 100 120 0 20 4? ) 60 10 80 100 120 0 20 40 60 80 100 120
terations [x10°] lterations [x10%] erations [x107] Iterations [x10°]
B,=0.9T, B,=0.75T B=0.9T, B,=0.9T
; 0.0006 ; ; 0.0006 :
022 i 022 He ——
0.0004 - 0.0004
01 0.0002 | 01 0.0002 |
E) el E)
0 S, 0 S, S, 0
N N ~
I w I
01 -0.0002 - 01 -0.0002 -
-0.0004 |- -0.0004
-0.2 -0.2
-0.0006 : : : : : -0.0006
0 20 40 60 80 100 120 0 20 40 60 80 100 120 0 20 40 60 80 100 120 0 20 40 60 80 100 120

Iterations [><103] Iterations [><103]

Iterations [x1 03]

Iterations [x1 03]
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Ve |B| constant: Decreasing B;, Increasing By

B|=09T
B, =0.9, 0.89, 0.85, 0.78, 0.67, 0.50, 0.0 T
B, = 0.0, 0.15, 0.30, 0.45, 0.60, 0.75, 0.9 T

S
~
Se
~

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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~
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~
~
S
~
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O-mode excitation E; and x-mode coupled H; signals

|B|=0.9T, B,=0.85T, B,=0.3T

E ‘ 0.0006 \
0.2 -* H, ——
0.0004
0.1
- 0.0002
s =
@, S
w N
y
0.1 + -0.0002
0.2 -0.0004
-0.0006
0 20 4(:t . 60 10380 100 120 0 20 40 60 80 100 120
erations [x10°] lterations [><103]
|B|=0.9T, B,=0.5T, B,=0.75
‘ 0.0006 :
0.2 E Hz
0.0004
01y 0.0002
5 El
S, 0 S, 0 ‘_
N N
L uy
o1 b -0.0002
-0.0004
0.2
-0.0006
0 20 40 60 80 100 120 0 20 40 60 80 100

Iterations [x1 03] Iterations [x1 03]

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar

120

E,[au]

E,[au]

E,[a.u]

0.2

0.1

0.2

0.1

0.2

0.1

|B|=0.9T,B,=0.9T, B,=0T

T 0.0006

0.0004

0.0002

0

H,[a.u]

-0.0002

-0.0004

-0.0006

o

20 40 60 80 100

Iterations [x1 03]

|B|=0.9T, B,=0.67T,

T 0.0006

0.0004

0.0002

0

H,[a.u]

-0.0002

-0.0004

o

-0.0006

20 40 60 80 100

Iterations [x1 03]

0.0006

0.0004

0.0002

0

H, [a.u]

-0.0002

-0.0004

-0.0006

o

20 40 60 80 100 120

lterations [x1 03]

H, —

z

20 40 60 80 100 120

lterations [><103]

B,=0.6T

H, ——

20 40 60 80 100 120

Iterations [><103]

|B|=0.9T, B,=0.0T, B,=0.9T

H, ——

0 20 40 60 80 120

lterations [x1 03]
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W Q)))) X-mode excitation H; and o-mode coupled E; signals

|B|=0.9T, B,=0.85T, B,=0.3T

0.0006

0.0004

0.0002

0

-0.0002

-0.0004

-0.0006
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H, ——

z
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0.1
E El
< ° — =
N ~
w T
-0.1
-0.2
0 20 40 60 80 100 120
Iterations [x1 03]
E.
0.2 %
0.1
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REFMULF not far from a 3D code...

@u.B.n ®E, J, HE.)
Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Ve New areas of application to our codes

7'

From the usual treatment of Maxwell equations used in plasma physics
...and consequently reflected on our codes implementation

—608tE +VxH = J
,U()atH +VxE = 0

Changing the vacuum permittivity €o to the absolute permittivity e=go&r permits
the modeling of a general isotropic linear lossless dielectric

Including a conductivity o through J=0cE allows the inclusion of losses

—86tE+V><H ol D
MoatH—l-VXE = 0

A new wide range of problems can be treated this way

More complex modifications are possible...
Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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WQ),)» Propagation in a dielectric medium (HDPE)

Propagation through an high-density polyethylene double wedge window &,=2.3, tand=2.5%10

LC Technologies

60-340GHz Double Wedge Window
Luis Cupido - LC Technologies 2014

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Propagation through an high-density polyethylene double wedge window &,=2.3, tand=2.5%10

Snapshot of electric field
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Aerospace applications

Mitigation of RF blackout for re-entry vehicles

ESA invitation to Tender (ITT) AO/1-7941/14/NL/MH

Need to transmit data during descent
leads to examine mitigation techniques

*Antenna placement
*Flow movement
*Cooling

*Promoting recombination
e Absorption

*Magnetic window

eBeam steering

FDTD codes will be used to assess data transmission feasibility
on the possible mitigation scenarios

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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How electromagnetic waves interact with biological tissue in general
and with the human body in particular

 EM waves used to diagnose and/or to treat
o Effects of exposure of the human body to radiation
e Consequences of EM exposure in the short and long runs

Different tissues have distinct dielectric properties
and which can be modeled with our FDTD codes
with a region dependent relative permittivity &q(r)
and conductivity o(r)

For 40 GHz:
Lungs inflated €=46.118 0=0.27253 S/m
Liver €=98.419 0=0.41054 S/m <«

Stomach £=99.854 0=0.85592 S/m

source: Instituto di Fisica Applicata Nello Carrara

We are committed to follow this topic since it presents an exciting field of
opportunities involve several areas of knowledge such as numerical simulation and
computational science, microwave technology or signal processing, IPFN Core Areas

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Backup slides

*Radar e reflectometria
*Numerical dispersion
*Numerical stability
*(O)UTS

*GEMR (simplified)

*Correction to J PDE with plasma movement

*#FDTD expressions

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Usos do Radar

¢ Os sistemas de radar sao usados actualmente em variados
contextos, tais como:

© AplicagcOes militares. © Vigilancia do espaco exterior.
© Controlo do trafego aéreo. © Monitorizagdo meteorologica.
© Radio-astronomia. © Observacgao geoldgica.

© Radares nauticos. © Sistemas vigilancia oceanica.

© Sistemas da anticolisdo em aeronaves. © (...)

© Estudos ionosféricos.

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Estudos ionosféricos

¢ Aiondsfera é a regido exterior da atmosfera terrestre onde ha uma elevada
concentracao de electrdes livres e ides, capazes de afectar as ondas de radio.

¢ No seu estudo usa-se um tipo de radar denominado ionosonda.

© Sinal de sondagem enviado verticalmente.

© Varre uma gama de frequéncias de ~ 0,1 a 30 MHz.

km

© Sinal propaga-se até ser reflectido. 500
450 +
400 +

© Tracados da altura da 350 1 F2 F2
reflexdo versus frequéncias | I Tyt :
criticas - lonogramas. 200 f £
150 + E 2
100 + ww“’f g
@]
©

50 +
0 f : : t t
1 2 3 4 5 6 7

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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De

) Reflectometria, spin-off dos estudos

¢ A reflectometria baseia-se nas técnicas de radar ionosférico.

¢ Sinal langcado perpendicularmente as iso-
superficies de indice de densidade do plasma.

¢ Propaga-se até parte real do indice de refraccéo
se anular (corte) sendo reflectida até ao ponto de
partida.

b

¢ Sinal pode retornar a antena por retrodifusdo de Bragg, sem que haja
reflexdo.

¢ Reflectometria Doppler explora retrodifusdo de Bragg injectando a onda
num angulo obliquo.

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar P
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W @)),») Esquema de um reflectometro

. . Reference pin
® Sinal enviado ao plasma Veo /
Ssre(t) = Agre cos(wt) (’\/) — ; T<
. |
® Propaga-se sendo reflectidona  FiF .
.~ l l ====_Probing wave
posicao de corte r; —— Reflected wave
Plasma
Srcv (t) = Agnt COS (Wt + 90) Detector ?

Y =%0 T Pu T Pp
¢ A onda reflectida apresenta um desfasamento ¢
devido ao circuito de micro-ondas ¢u, as _Arnf [T N
propagagdes no vacuo @o € no plasma @p. P /n (r)dr — ¢

[ — ——
¢ A fase @p traduz a propagacdo da onda ao longo de um percurso descrito por
um indice de refragcao N(r), contendo informacao sobre a densidade ne

© Modo-O ¢p = @p[f, No(ne)] © Modo-X  ¢p = ¥plf; Nx(ne, Bo)]
Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar <::I )
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Dispersion relation

¢ Variation of propagating wave’s wavelength A with frequency f

T —

k(w), k=2mA"',  w=2nf

ohasor form:  u(x,t) = e/ Wi=ke) ji=+v-1
% _ CQ% — (jw)2ed@the) — (2(_jpy2eiWioke) — 2 2p0
dispersion relation k = ::%
phase velocity: v, = A = xc  group velocity: Vg, = j—: = *+c

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Numerical dispersion relation |

n o__ ej(wnAt—l::iAx) _ l%imagiAxej(wnAt—l;:realiA:v)
;= =

u e

Introducing ;' in the expression foruf !

7

QWAL 4 o —jwAt B <0At>2 (ejma; _|_e—jmm 1) o
2 |\ Az 2 N

cos(wAt) = (%) 2 [cos(l::A:c) — 1] +1

numerical dispersion relation:

2
~ 1 _1 Az
k= A 08 {1 + <w> [cos(wAt) — 1] }

T — e ——
Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Ve Numerical dispersion relation Il

Case 1: cAt=Ax (Magical step):

k=k free space wavenumber
“Magic” works just on 1D

Marginally stable

Case 2: At—0 and Ax—0 (Very fine sampling in space and time):

- 1 Ax)?

ke —cos ! |1— (kAz) (WAt—0)
Ax 2

~ 1

k=~ A—x(kAa:) (kAx—0)

ke k =free space wavenumber

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Ve Numerical dispersion relation Il

- 1 kA
Case 3: cAt =Azx/2 k= — cos 1 <¢1+4]|cos i —1
Az 2
~ 1 0.63642
A.CU =\ 10 = — —1 K02) =
o/ k A €O (0.802) A
Vpp, = % = (0.9873c e =1.27% less than c
100 — 98.
10Ap(100 space cells) — [ 00 1098 73] - 360° = 45.72°
~ 1 0.31514 l 2
Az = \g/2 — —— cos~ (0. _ Ax)
T = Ao /20 k= < cos (0.9508) ~ oX( \
B = % =0.99689c  €=0.31% less than c -
200 — 199.378
1010 (200 space cells) — [ 20 ] - 360° = 11.20°
Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar <Lr:| P
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Numerical stability

Numerical instability is a possibility with explicit numerical
differential equation solvers

¢ Spectral technique analysis (von Neumann)

© Error at any point expressed as a finite spatial Fourier series
© Each Fourier term with unity-or-less growth factor over one time-step

© If every term is initially bounded, each term remains bounded

¢ Complex-frequency analysis of numerical dispersion
]; — ];real + j];:imag

W = Wreal + JWimag

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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k= kreal + jkimag W = Wreal T JWimag

n _ ej(&nAt—fciAa:) _ —@imagnAtej(&}TealnAt—l::iAx)
;= —

U €

2
- cAt ~
dispersion relation: cos(wAt) = (Aw) [cos(kA:c) — 1} +1

S = cAt/Ax (Courant stability factor)

1 -
O = A g — sinl(f)] with £ =5° [cos(kAx) — 1] +1
1-252<¢<1 Vi € R

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar
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Courant stability factor S

(a)—1<€E<1 (0<8<1)
sin™!(¢) € R O € R <= Dimag =0
’LL? _ ej(cbrealnAt—l::iAx)

()1 —-25* << -1 (§>1)

sn~l(€) eC,  sin1(€) = —jIn (js +4/1- 52)

1

O = At[ +jIn (j€+ V& — )] [’N—I—jln( §— V& —1)
. m . 1
Wreal — Kt Wimag — At ( —V 52 )

ej (w/At)nAt—fciA:L']

nth power
_ 1 [
o (f - W)

Filipe da Silva, Lisboa, 12/12/2014, GTM Seminar <L‘_:| P
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W C))}» Linear Time Invariant Systems and Impulse Response

AsystemT 7 : x— ¥ is:

Linear 7 {axi + bxs} = a7 {x1} + bT {x2}
Time invariant 7{x(t — t0)} = (7{x}) (t — to)
T{4(1)}

In a discrete system h[n| = 7{J|n|}

Impulse response h(t)

An input z|n| = f(nAt) is a linear combination of weighted, time o|n]
translated +00
Z f(nAt)SIn — k] ——yln] = > f(nAt)hn — k]
k=—o0 k=—o0
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W Q)}» Linear Time Invariant Systems and Impulse Response

AsystemT 7 : x— ¥ is:

Linear 7 {axi + bxs} = a7 {x1} + bT {x2}
Time invariant 7{x(t — t0)} = (7{x}) (t — to)
T{4(1)}

In a discrete system h[n| = 7{J|n|}

Impulse response h(t)

An input z[n| = f(nAt) is a linear combination of weighted, time I
translated +00
Z f(nAt)SIn — k] ——yln] = > f(nAt)hn — k]
k=—o0 k=—o0
X N-1
For a causal system (k=0) y[n] _ f(nAt)h[n o k] 1e

FIR (N-1)
IR (e20) k=0
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FDTD schemais a LTI

T{x2} T{x1}+T{x2}

T{x[n]}

T{X[n-no]}
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Antenna as an LTI system

Vi input N output system

For each output N

ZyMN YYCUM n)harv|n — K|
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Implementation example

100

~

Amplitude [a.u.]
o

Iterations 60 0

5
80 0 . .
1000 y [grid points]

Amplitude [a.u.]

0.012

0.01 |
0.008 |
0.006
0.004 |
0.002 |

-0.002 |
-0.004 |
-0.006 |
-0.008 |
-0.01

0

hiss

20 40 60 80 100
lterations
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Amplitude [a.u.]

Impulse at “12”

0.25

0.2

0.15

0.1

0.05
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01 |

-0.15

Oblique UTS

his12
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Amplitude [a.u.]
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0.0015
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-0.0005
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-0.0015
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Radiation pattern behavior

Former UTS scheme
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Radiation pattern behavior

New Oblique UTS scheme
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Radiation pattern behavior

f=40 GHz
o T T T T
o=0°
K. o=10° (- i
0=20° (-=20°)
o 0=30°(-29°) |

f=40 GHz

Amplitude [dB]
A

JE= RN 7\
// /// \\\ 0 B0 20 10 0 10 20 30 40

b L AN :
-50 /
-6(-)1 00 -50 0 50 100
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Level of correction of the OUTS

0.8

0.6 -
0.4 r

0.2 r

0

E,[a.u]

N
M il
Y Hi‘ | Al

\ \

-0.6

-0.8

R mnllm.i"'

# In RED the corrected emission

# In GREEN the correction residue
On numeric noise level

[ Correction ratio ~25,000 (44 dB)
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0.7

0.68 r
0.66
0.64

0.62

0.6
0.58
0.56
0.54
0.52

0.5

E,[a.ul]

14

14.5 15 15.5 16 16.5 17
Iter [x 103]

E, [a.u. x 107

14

145 15 15.5 16 16.5 17
lter [x 10°]
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) @ GEMR (simplified) model equations and numerics

Isothermal equations for illustrations purposes.
Actual model evolves temperature dynamics.

Continuity Py 5
z ~ ~ z|| ~ ~
- 2B z Bv IC z AL
/ i EUE VnJ = +IC(p —I—Tna

&F(f) at'ﬁz_wnaysaz_[@z,ﬁz] B&Sf)zH/B-I—B[AH,QN)z”]

X Parallel force balance S(f) \

o .. ] ] ] ) ] ~
[@t (BA — szzg_@zvzﬂ’ Vo — V) (s + Tans) + 1.K(20,)) — CJJ

Induction Polarisation

(—Vi[ln = Jj =1y - @D [Fémﬁi + FOT._ -5 - ”J
T~ @V F
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GEMR (simplified) model equations and numerics

Numerical scheme =@—|—|D(f)| and [(042 — Vi)f = Fj

o S(f)terms - spatial discretisation

- parallel derivatives (& curvature): 2" order centered finite differences
_ Poisson brackets - nonlinearities: 29 or 4t order finite differences Arakawa scheme

. OF(f)
ot

terms - time advance: 3" order time-accurate Karniadakis scheme

§ 3 1
Fn-i—l — 1—1 |:3Fn — §Fn—1 ‘l‘ an_Q + At(SSn - SSn_l + Sn_2>:|

e D(f)terms - sub-grid dissipation: viscosity and hyper-viscosity
Foi1<— F,i1+AtD, with D,, = _VLvéifn _ anﬁfn

* fni1 < Fi,11recover fluid variables: Helmholtz solve for the fields

Parallelisation: MPI domain decomposition in parallel and radial directions
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i Q),)» Correction to J PDE with plasma movement

LN ?‘""FZE\*NU?X J-J D’fwfe) ee

4 7
C' } P
Yoo~ WFC‘{‘OJC QXJ- i‘MC ﬁ A ¢
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W C))}» Sequéncia de calculo

Kernel (M) Xu & Yuan Kernel Déspres & Pinto
Hn—|—1/2
© Hn—|—1/2
zZ
n+1/2
Jrtt/
n_|_1/2 ............................................
Jy Jn—l—l
xXr
n+1
Jy
En—|—1
T n—+1
+1 E,
n
Ey En—l—l
Yy
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Calculo de H; (M Xu & Yuan)

calcHzFieldKXY
Ato(i,7)
e T At
o265 = (ﬁ)[{% 1235, 5) — - [Ey (i+1/2,7) — E, (1—1/2,])}
2Ho poAz (1 + —At‘;;;(j’”>
AtoX(i,5)
. L=\ o neis2,. At o e
H,?y—'_l/z(zaj) = (1 Atifﬁij)>sz 1/2(7'7])‘}_ [Em (Z,]+1/2) —Ex(’L,_] —1/2)}
AT

Ator(i,7)
quy<1+ o )
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{) @cCalculo da densidade de corrente Jy,, (M Xu & Yuan)

calcdxyFieldKXY
N ©p 5 e? -
we(i,7) = m. 2(1,7) wy (1,5 +1/2) = megone(z,])
'HiB,,nc .EyIJy HE, . WAL
n+1/2¢: 1 - 7 n—1/2/: weAL n—1/2¢:
S (4,7 +1/2) = WJQ; (4,5 +1/2) - OZ A2 Jy (4 +1/2,5)
1+ =3 1+ =3
2
gowi At n weAt
+ 2 | Br(i, i +1/2) — Ey(i+1/2,7)
L+ ==
1 w2 A2 At
— Ze= We . o
TP 4+1/2,5) = ﬁjg_l/z(i—kl/Q,j)Jrlew V203, 54+1/2)
+ % o

2
gowi At s N WAL
Hﬁ (Ey (i+1/2.0) + =B} (i, + 1/2))
4
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calcExFieldKXY

Ert(i, 5 +1/2)

calcEyFieldKXY

E;]H(?; +1/2,5)

_|_

| Atoy (,+1/2) N
At (2‘€9+1/2) Eg(i,j+1/2) - JPHVR( 5 +1/2) +
1+ =7 Atoy(i,j4+1/2)
220 o 1+ =52

At
ey (1 + 2l gé{)Jrl/z))
HEFY2 (5 +1) = HEFY2(, )|
1 _ Ato,(i+1/2,5) At
2e0 n(is )
. - FE" (2 + 1 27] -
(1 + Aww(2z+1/273) v /2.J) Atoy(i4+1/2,5)
€0 €0 1 + = .

HYY2(0,5 4+ 1) — HEFY2(6,5) +

n+1/2/: .
Jy / (Z+1/27])_

2&‘0

At

E()AZU (1 + Atom(z’—i-l/Q,j))

HZFV2( 41, 5) - HEFV2G,5) +

2e0

n+1/2/: . n+1/2/: -
sz /<Z+1>])_sz / (7'7])}
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Calculo de H:(Déspres & Pinto)

| _ Atr) At
HIH2(1,5) = (ﬁ) HISV (i 5) — {E;(Z +1/2,5) — By (i — 1/2aj):|
1_ Atoy (4,5) At
HIY2(,5) = (ﬁ) HZ2(0,5) + E2G,5+1/2) - B3 — 1/2)]
+ 2p0

Ato*(i,5)
MOAy <1 + QZO )
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. e . e? o At2w? At
we(i,7) = m_Bz(Zaj) wg(i,j) = : ne(i,j) a=1+ 7 P =1+ We
e ec0

_ Até‘owg

5 y=p/a § .

(MH),(i,5) = [HE (i, 5+ 1) — HEY2(0,5) + HEPV2 (i, 5 + 1) — HEPY2(0,5)] /Ay
(MH)y(i,) = [HE2(i 4+ 1,5) — HLPY2(0,5) + HEY2(0+ 1,5) — HUPY2(6,5)] / Az

At At
0 0

(ij+1) ©

; o o NEAN . At .
“i-,j+1/2): Ay(%]):Ey<z+1/27j)__(MH)y(z7])_2_Jy(Z+]‘/2JJ)
...... oo .-E...... . €0 €0
8 Lo demlen  B(5,5) = J2(5 + 1/2) + 0B, +1/2) — BTG+ 1/2,5)
By(i,§) = T+ 1/2,) + 0B (i +1/2, ) + BI2 (G j +1/2)
| Co(i,§) = Bulivj) o+ 6/aA, i, j)
®inn ont m,  Culid)=Byid)/ats/ad(i])
1
Jn+1.. 1/9 _ Cx.,.—C‘,.
x (7’7.]+ / ) 1_|_72[ (Z .7) Y y(z J)]
. 1 . .
IR+ 1/2,5) = T (Cy (i, 5) + 7O (i, )]
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By, +1/2) = 1+ Atoy, (i,j+1/2) By (i g +1/2) -
260
B At JoT(G, 5+ 1/2) + J2 (6,5 + 1/2) N
. 2
o (1 + S 2)>
At
+ HEP2(0,5+1) — HEFV (1, 5) +

oAy (1 e 2)>

+OHL(0,5 4+ 1) — ARG, )]
(1 _ Atog(i+1/2,5)

n+1/. . o 2 ny-. .
Byt i+1/2,5) = At%(;fl/zj))Ey(z-l—l/Q,])—

1 + 280
At JiFLG 4+ 172, §) + T (i + 1/2, 5)
. . 2
0 (1 4+ AtUw(;$1/2,3)>
At

- [HIF2( 41, ) — HEFV2G,5) +
oAz (1 n Atam(i+1/2,j)>

2eq

n+1/2/- . n+1/2/. -
+OHLA ) - HET2G,5)|
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